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Abstract 



We present a revised and extended construction of the mesonic Lagrangian 
density in chiral perturbation theory (ChPT) at order in the anomalous 
(or epsilon) sector, £6,e- After improving several aspects of the strategy we 
used originally, i.e., a more efficient application of partial integration, the im- 
plementation of so-called Bianchi identities, and additional trace relations, we 
find the new monomial sets to include 24 SU{Nf), 23 SU{3), and 5 SU{2) 
elements. Furthermore, we introduce 8 supplementary terms due to the ex- 
tension of the chiral group to SU{Nf)L x SU{Nf)ji x U{l)v- 
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I. INTRODUCTION 



Chiral perturbation theory for mesons has proven to be a highly successful method 
for describing the interactions of the pseudoscalar octet (vr, rj) at low energies (for an 
overview of recent activities see, e.g., Ref. [|]). It is based on a chiral SU{3)i x SU{3)ji 
symmetry of the QCD Lagrangian in the limit of massless u, d, and s quarks in combination 
with the assumption of a spontaneous symmetry breaking to SU{3)v in the groundstate. 
According to Goldstone's theorem 0-0, each broken generator, i.e., each generator which 
does not annihilate the vacuum, gives rise to a massless Goldstone boson whose proper- 
ties are tightly connected to the generator in question. In the present case, one expects 
eight pseudoscalar Goldstone bosons transforming as an octet under SU{3)v with vanishing 
interactions in the limit of zero energies. These Goldstone bosons are identified with the 
low-energy pseudoscalar octet, where the finite masses of the physical multiplet result from 
an explicit symmetry breaking due to the finite u, d, and s quark masses in the underlying 
QCD Lagrangian. As an analogous situation holds for SU{2), we first consider the general 
case of SU (Nf) and specialize to Nf = 2 and 3 later. 

The effective Lagrangian density of ChPT is organized as a string of terms with an 
increasing number of covariant derivatives and quark mass terms, 

C = C2 + Ci + Ce + ---, (1) 

where the subscripts refer to the order in the momentum and quark mass expansion. The 
derivative expansion essentially takes account of the vanishing interaction at low energies 
with the explicit symmetry breaking being treated perturbatively. At each order the most 
general Lagrangian compatible with chiral symmetry, parity, and charge conjugation invari- 
ance is required. Here, we work in the framework of ordinary ChPT, where the quark mass 
term is counted as O(p^), or, in other words, matrix elements are treated at a fixed ratio 
^quark/P^ 0- -^^^ overview of a different organization procedure we refer the reader to 
Ref. P] . A systematic treatment of physical matrix elements is made possible by Weinberg's 
power counting scheme [Q]. For example, at one has to consider tree-level diagrams 

with exactly one vertex from £4 and an arbitrary number of vertices from £2 or one-loop 
diagrams with vertices from £2- The most general structure of £4 was first discussed by 
Gasser and Leutwyler and contains 10 low-energy coupling constants Li. Out of these, 8 
are required to absorb infinities generated by one- loop diagrams from £2. The finite pieces 
are not predicted by chiral symmetry and have to be determined from experimental data. 

The ChPT action functional, which is (apart from the special case of the Wess-Zumino- 
Witten term) the four-dimensional space-time integral over some chirally invariant La- 
grangian density, generates at any given chiral order a finite-dimensional real vector space. 
The finite dimension is due to the fact that the basic building blocks can only be multiplied 
together in a finite number of different ways. Unfortunately, there seems to be neither a way 
to predict this dimension beforehand nor a general algorithm to decide whether a set of given 
structures is linearly independent or not. That is the reason why it is almost impossible to 
tell if a generating system is linearly independent so that it actually represents a basis of 
the above mentioned vector space. To our knowledge even the £4 of has not formally 
been shown to be a basis, though it is without any doubt a generating system and countless 
calculations seem to confirm that the terms are independent. In Ref. we systematically 
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wrote down the most general Lagrangian density of chiral order 0{p^), both for the normal 
(— s> 111 SU{3) terms) and anomalous (— 32 SU{3) terms) sector. Although these sets are 
also most likely to be generating systems, the normal sector was later shown to include 



redundant structures 10 



In the present paper, we provide a revised and slightly modified list of SU{Nf) terms for 
the anomalous or epsilon sector, as well as its reduction to SU{2) and SU{3). For the sake 
of clarity, we repeat the analysis from the start, using a different notation which is closer to 
what has become the standard in this field. The initial ingredients and the general strategy 
are the same as used before. The main improvements in comparison to our former work 
are outlined one after the other in the following sections. In Sec. II, after defining different 
basic building blocks, which lead to nice simplifications of the partial-integration method 
(see Sec. Ill), we repeat the main features of our strategy. The so-called Bianchi identities 
for field strength tensors are introduced and implemented in Sec. IV. Section V contains a 
somewhat different approach to trace relations. In Sec. VI, additional structures triggered 
by the extension of the chiral group to SU{Nf)L x SU{Nf)fi x U{l)v are worked out. A 
concluding comparison of the anomalous Lagrangian density to chiral order derived in 
Ref. with the present work appears in Sec. VII. Section VIII gives a brief summary. 
Tables and eliminating relations are relegated to the Appendices. 



II. MODIFIED BASIC BUILDING BLOCKS AND STRATEGY 

In Ref. a systematic construction of chiral Lagrangian densities was developed starting 
from structures of the type 

[AU^l{AU^±UA^), (2) 

where A is supposed to transform under the chiral group G as A VrAVI- The partial- 
integration argument to be outlined in Sec. Ill may be simplified considerably by using a 
modified kind of basic building blocks 

{A)^^2u^[A]^u, (3) 

which has already been used in a slightly different form by several authors (see, e.g., 
||TO| , p]T|| ) . Here, u is defined via = U. Note that {A)± obeys the transformation rule 

(y4)-|- V{A)±V\ where V = \JVrUVI Vr^/TJ is the so-called compensator. The covari- 
ant derivative 

V,{A)± = d,{A)± + [r/., {A)±] (N.B. : V ,{A)± ^ VV M)±y^) (4) 

induced by the chiral connection = | m^, d^u — ^u^R^u — ^uL^u^ provides a key element 
for an easier and more efficient application of the total-derivative procedure, which is to be 
outlined in more detail shortly. 

Since we always have to take single or multiple traces (denoted by (■■■)) to obtain 
Lagrangian density monomials, our final results will only differ by a number compared to 
the former structures 



3 



((Ai)±...(A„)±) = 2"^([Ai]±...[A„]±). 



(5) 



Let us illustrate this fact by looking at the leading-order non-anomalous Lagrangian density 

A = -^{{D,U)_{D>^U)_) + = -^{[D,U]_[D^U]_) + ^{[xU). 

As pointed out in Ref. ||, it is sufficient to restrict oneself to [D"'U]-, + , [D''H] + , 

and [-D"x]± {m,n integer with m > 0,?t, > 0). So, we simply have to substitute for those 
ingredients the new building blocks (D^U)-, {D^G)+, {D'"H)+, and {D"^x)±- Here we use 
the definitions = F^^U + UF^" and H^"" = F^^U - UF^\ where F^^/^ are evidently 
the field strength tensors belonging to the corresponding external fields i?^ and L^. The 
X = 2Bq{s + ip) block contains the external scalar and pseudoscalar fields, and Bq is related 
to the scalar quark condensate (0|gg|0) in the chiral limit. To simplify the comparison with 
other groups P-[TT||, we have given a translation prescription in Table |. 

The so-called hierarchy strategy of Ref. has proven to be extremely fruitful. Collecting 
{D'^G^y)^, {D"'H^y)+, and (-D"x)± ^^i a moment in one symbol {D"-Xfj,u)±, one immediately 
finds that all possible terms at 0{p^) can either include no, one, two, or three {D"'Xfiu)± 
blocks which naturally defines four distinct sectors or levels to be considered. We say: the 
more {D"Xfiu)± blocks are included in one monomial, the lower its level. Once all terms one 
can think of (at each level) are listed, one tries to generate relations to eliminate as many 
structures as possible. We always try to get rid of terms as high in the hierarchy as possible. 
In particular, with this strategy one ensures that the number of terms is minimal for the 
special case in which all external fields are set equal to zero.0 

Before explaining the improvements mentioned above in more detail, let us discuss the 
symmetry of multiple covariant derivatives. It turns out to be more useful not to assume the 
multiple covariant derivatives to be symmetrized from the very beginning. We implement the 
relations among unsymmetrized structures noting that just one general (i.e., non-contracted) 
index combination is actually independent in the sense of the hierarchy explained above. For 
double derivatives this statement reads 

iD,D,A)^ = (D^D.A)^ + ^[(A)±, (CM - '-{(A)^, {HM. (6) 

Although there would not be any disadvantage in keeping these unsymmetrized monomials 
in our final set (N.B. : [D^DyU)- will be the only one to be kept), for aesthetical reasons 
we replace them by symmetrized ones making use of the formula 

{D,DyUr_ ^ ^-{{D,, D,}U). = (D.DM)- + \{H,.)+. (7) 



The non-anomalous final SU{Nf) set given in Ref. |10| is not minimal when setting all external 
fields to zero. In that case the structures Yi and I4 are not independent and can be eliminated. 
However, if we replace these two monomials by the terms (120) and (139) of Ref. then the 
entire set will remain independent whether or not there are external fields and both structures, 
(120) and (139), vanish explicitly when the fields are set to zero. 
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We are now ready to initiate the construction procedure. First of all, we write down all 
conceivable (we find 74, see Table |T|) anomalous structures (satisfying P and C invariance, 
hermiticity, and cliiral order p^) in terms of our cliirally invariant basic building blocks. We 
then collect as many relations as possible which follow from any of the mechanisms we are 
aware of. Those are 

(1) partial integration, 

(2) equation-of-motion argument, 

(3) epsilon relations, 

(4) Bianchi identities, 

(5) trace relations. 

As detailed descriptions of methods (2) and (3) can be found in Ref . ^ , we only comment 



on the new or improved items (1), (4), and (5). The resulting final set is shown in Table |V. 
There, the structures are again ordered according to the organization scheme introduced 
in IV.B of 1^. All explicit non-redundant relations are listed in Appendices A to E. There 
is no unique way to choose which of a set of monomials to keep. We basically follow the 
example of 0, i.e., in addition to the hierarchy approach we always try to get rid of multiple 
derivative terms, especially of the type (D^?7)_. As emphasized above, and in Ref. [^, since 
one cannot prove the independence of the final set of monomials, there is no guarantee that 
another approach might not happen to find additional relations leading to a smaller final 
number. Yet we have not found an alternative way, giving rise to further reductions. 



III. PARTIAL INTEGRATION (TOTAL-DERIVATIVE ARGUMENT) 

Recalling the fact that a total derivative in the Lagrangian density does not change the 
equation of motion, we can generate relations of the following type 



d,{{A,)± . . . iAm)±) + \[T,,iA,)±\..iA^)±]j = (V^[(Ai)± . . . (A^)±]) 
= (V^(A)± . . . (AJi) + ... + ((Ai)± . . . V^(A^)±), (8) 

where we made use of Eq. (H). This derivative shifting procedure is also valid for multiple 
traces. The advantage of our new basic building blocks stems from the relatively simple 
connection between the covariant derivative outside the block brackets and the covariant 
derivative inside 

V,(A)± = {D,A)^ - \{{D,U)^, {A)^}. (9) 

Equation (|^) is important because it helps to avoid extremely tedious algebraic manipula- 
tions one had to perform in the old framework of Ref. |^ .0 



^ A combination of shifting derivatives back and forth and interchanging indices of multiple 
derivatives is sometimes referred to as index exchange. 
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Appendix A collects 23 non-redundant partial-integration relations (written in terms of 
the numbers indicated in Table II) which are used to eliminate dependent structures. Note 
that some of these relations might neglect contributions from lower levels. Since we always 
try to find the most general Lagrangian density at each level, in almost all cases those lower 
terms do not need to be known explicitly. 



IV. BIANCHI IDENTITIES 

As a consequence of the Jacobi identity 

[A, [5, C]] + [S, [C, A]] + [C, [A, B]] = 0, (10) 

certain combinations of covariant derivatives of the field strength tensors are not linearly 
independent. According to Eq. (18) of Ref. 0, the covariant derivative is defined as 

D,FjJ = 9,F«-^[i?„FjJ]. (11) 

Now consider the linear combination 

c.p.{^i,u,p} c.p.{fj.,y,p} 

= {d^^d^Rp - dpdpR^ - i[d^Ru, Rp] 

C.p.{/X,!/,p} 

— i[R^, dpRp] — i[Rp, dyRp — dpR^] — [i?^, [R^, Rp]\ 

= 0, ' (12) 

where use of the Schwarz theorem, relabelling of indices, and the Jacobi identity, Eq. (|10|), 
has been made. Observe that the cyclic permutation of the indices n, u, and p has been 
denoted by c.p.{/i, i^, p}. Repeating the same arguments for the independent field strength 
tensor F^^^, the additional new constraints can be summarized as 

E ^.^'/^ = 0, (13) 

c.p.{fi,u,p} 



which are referred to as the Bianchi identities (see, e.g., Refs. |1T2|JT3[| ). Equation (|T3|) does 
not require that F^J^ satisfy any equations of motion. In terms of our building blocks 
{DpJJ)_, {Gpi,)+, and {Hp^)+ the Bianchi identities read 

Y iDpGJ^ = -^ Y [iDpU)^,iH^p)^], (14) 

c.p.{fj,,u,p} c.p.{p,u,p} 

E iDpH,pU = -^ Y: [iDpU)^,{G,pU]. (15) 

c.p. {ij.,u,p} c.p.{p,u,p} 

We stress that in Ref. |^ each term (though in the old notation) of the sum on the left-hand 



side of Eqs. (|T^) and (|1^) was treated as an independent element. 

In Appendix D one finds 7 eliminating relations induced by Bianchi identities. At this 
point we need to stress that sometimes a structure can be eliminated due to several argu- 
ments. Therefore, the number of non-redundant relations belonging to a specific subproce- 
dure can vary, while the total number of all relations is constant. 
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V. TRACE RELATIONS 



As all the structures one can think of either involve single or multiple traces, one is 
particularly interested in finding relations between those traces. We know from the Cayley- 
Hamilton theorem that any n x n matrix A is a solution of its associated characteristical 
polynomial xa- For n = 2 this statement reads 

= xa{A) = A'- (A) a + det(A)l = A'~ {A)A + ^{{Af - {A'))l. (16) 

Setting A = Ai + A2 in ([T6|) and making use of xai(^i) = = xa2(^2) one ends up with 
the matrix equation 

^2(^1,^2) = {A,,A2} - {A,)A2 - {A2)A, + {A,){A2)1 - {A.A^)! = (17) 

which is the central piece of information needed to derive the trace relations. The analogous 
n = 3 equation is slightly more complex 

F3(Ai, A2, A3) = Ai{A2, A3} + A2{A3, A} + A3{Ai, A2} 

- (Ai){A2, A3} - (A2){A3, Ai} - (A3){Ai, A2} 
+ (Ai)(A2)A3 + (A2)(A3)Ai + (A3)(Ai)A2 

- (AiA2)A3 - (A3Ai)A2 - (A2A3)Ai 

- (AiA2A3)l- (AiA3A2)l 

+ (AiA2)(A3)l + (A3Ai)(A2)l + (A2A3)(Ai)l 
-(Ai)(A2)(A3)l = 0. (18) 

We can now derive trace relations by simply multiplying Eq. (|l^ or Eq. ([T8|) with another 
arbitrary matrix of adequate dimension and finally taking the trace of the whole construction, 
i.e., 

0= (F2(Ai,A2)A3), (19a) 
0= (F3(Ai,A2,A3)A4). (19b) 

Note that Aj may be any nx?7, matrix, even a string of our basic building blocks. Although we 
have never come across a trace relation that could not be obtained in the manner explained 
above, we are not aware of a general proof showing that any kind of trace relation must be 
related to the Caley-Hamilton theorem. 

Equation ( |19b|) is actually identical to Eq. (A7) of Ref. 0. In Appendix E we tabulate 
the 19 SU (2) relations which follow from Eq. ( |19aD plus a single SU (3) relation which was 
missed in Ref. 0. 

VI. EXTENSION OF THE CHIRAL GROUP 

So far we have presented the most general anomalous SU{Nf)L x SU{Nf)ii invariant 
Lagrangian density (respecting external fields f^, a^, s, and p) at chiral order from which 
one can extract the SU{2) or SU{3) version by applying the respective trace relations. Since 
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{Gf^u)+ and {H^i,)+ are both supposed to be traceless and the SU{2) quark charge matrix 
Q = diag(|, — |) is not, even the special case of electromagnetism (L^ = R^ = —eA^Q) is not 
fully included in the general SU{2) formulae. As Q happens to be traceless in SU{3), there 
is no such problem in this case. If we want to do away with this apparent weakness, we need 
to extend the chiral group to SU (Nf) l x SU {Nf)fi xU{l)v- For Nf = 2 the electromagnetic 
interaction is then fully included by setting = = —^A^t^^ and f^"*^ = —^Afj_, where 
vj^^ is the U{l)v gauge field. Equivalently, one might argue that the traceless fields 
and have to be replaced by non-traceless ones of the form = + ^vj^^l^fxNf and 

R^, = R^, + lvj;;hNfxNf, respectively. 

The extension basically comes down to the fact that we get one more independent elemen- 
tary building block of chiral order p^, namely the field strength tensor v^^J = d^^vlf ^ — diyvj^\ 
Again, we write down all (30) anomalous structures including at least one vj^^ (see Ta- 
ble PI) . Observe that at lower orders there is no way to construct such terms. We then use 
the mechanisms of the previous sections to eliminate as many of the additional monomials 
as possible. Since trace relations do not induce reductions in this field, our result is valid 
for any Nf, although we are primarily interested in Nf = 2. While all explicit relations can 
be found in the Appendices, the final set of additional structures is shown in Table [V^. 



VII. COMPARISON WITH OUR FORMER SET 

According to the present analysis the most general anomalous SU{Nf) Lagrangian den- 
sity of chiral order 0{p^), Cq^^, must not include more than 24 elements. We have started 
with 74 initial SU{Nf) structures and then worked out 50 eliminating relations (trace re- 
lations excluded). We have tried to keep as many of the 32 structures of Ref. (up to 
signs and factors) as possible. However, some terms listed therein, such as A^ and A24,, are 
unnecessarily complicated. Therefore, it turns out to be more appropriate to respectively 
replace these elements by L^g and L20 which is justified by the total-derivative argument 
of Sec. III. 

The necessary reduction from 32 to 24 structures is then obtained in the following way. 
First of all, using once more the improved partial-integration method, Aiq and An can 
be shown to be redundant. The application of the Bianchi identities implies the further 
elimination of Ai, A2, Ag, An, Ais, and ^423. The exact correspondence between the new 
low-energy constants L?'^and the old Aj is shown in Table |V11| . 

Finally, one SU{3) trace relation can be implemented to get rid of ^30. 



VIII. SUMMARY 

In Ref. [§] we presented a list of 32 anomalous SU{Nf) (the same number was valid 
for SU{3)) monomials of chiral order 0{p^) which constitute the most general mesonic 
ChPT Lagrangian density £6,e- After carefully revisiting the entire project, our list has 
been found to be redundant. Thanks to a more efficient use of partial integration, the 
implementation of so-called Bianchi identities for field strength tensors, and an additional 
application of a trace relation we have ended up with 24 SU{Nf), 23 SU{3), and 5 SU{2) 
slightly modified elements. Our final sets are thus considerably smaller than those proposed 
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by [TT|JT^, which are both incomplete and redundant. Furthermore, we have constructed 
8 additional structures which arise due to the extension of the chiral group to SU{Nf)L x 
SU{Nf)ji X U{l)v- Besides the general interest, the latter group needs to be considered 
when consistently treating electromagnetic reactions in the SU{2) framework. 
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TABLES 



our notation 


Ref. @ 


Ref. 


Ref. [11| 


(x)± 


2u^x]±u 


X± 


2M^ 






-2iu^ 








2/r 








-2f^'' 





TABLE L Translation prescription. 
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# Initial Structures 



1 i {{D^D^U)-{D^U).{D,U).{D^U)-{DpU)-)e^-'-P 

2 i {{DxD^U).{{D>^U).{D,U).{D^U).{DpU). + {DpU).{D^U).{D,U).{D^U).})e>''^^f 

3 i {{DxD;.U)-{{D.U)-{D^U)-iDaU)-{D^U)- + {D0U)-{DaU)-{D^U)-iDM)-})e^'''''^ 

4 i {{x)-{D^U).{D,U).{D^U).{Df3U).)e'''''^f 

6 {{DxGf,,)+{iD^U)-iD^U)^iDpU)^ - {DBU)-{D^U).{D^U).])e^-'^l^ 

8 ((L»^G'A.)+{(-D^C/)_(i:)aC/)_(L>;3C/)_ - {DpU)_{D^U)_{D^U)_})e^^^<-P 

11 ((G^,)+{(Z?Al)^^)-(^a^)-(i^/3^)- - (.DpU)-{D^U)^{DxD>^U).])e^'''''P 

12 ((GA^)+{(i^^i^,i7)_(i^«t/)_(I)^i7)_ - (I)^C/)_(I)„t/)_(D^i^,C/)_})e'^'^"/^ 

14 {{G^,)+{{DxD^U).{DpU).{D>^U). - {D>^U)-{DeU)-{DxD^U)^})e^-<'P 

15 ((G^,)+(Z)«[/)_pAi?^?7)_(i^5?7)_)e^'^«'3 

16 {{Gx^,)+{D,U)AD^D^U)^{DpU)^)et''^^f 

17 ((G^,)+{(Z?At/)-(^^^a?7)-(^/3t^)- - {D^U).{D^Do,U).{DxU).})ei'-'^P 

18 ((L»A-DMJ^.a)+{(^^?7)_(L>;3C/)_ + (L>;3C/)_(Z^^i7)_})e'^'^"/3 

19 {{DxH^M{D^DJJ).{DpU)- + {DpU)-{D>^D^U)-})e^'-"^ 

20 {{D^,Hx,)+{{D^DJJ)_{D^U). + (Z)^?7)_(Z)^Z),C/)_})e^-°/^ 

21 ((i?^i/,„)+{(DAl)^C/)-(£'/3f/)- + {DpU)-{DxD^U)-})e^'^''P 

22 ((Z)^//,„)+{(I)A^/3f/)-(^^f/)- + {D^U)-{DxDpU).})e^'''"P 

25 {{Hx^,)+{{D,U)-{D^U)^{D^U)-[DpU). + {DpU)-{D^U).{D^U)-{D,U)^})e^'^'^P 

26 ((/f^,)+{(Z)Af/)-P^?7)_pa?7)_(Z)^?7)_ + {DpU).{D^U).{D^U).{DxU).])ei'''^f 

27 ((//^,)+{(DA^^)-(^at/)-(^^t/)-(^/3^7)- + {DpU).{D^U).{D^U).{DxU).})ei'-'^(^ 

28 ((DAD^i^.a)+)((l?^C/)-(I)/3?7)-)e'^""^ 

29 ((L»Ai^^£'Mt^)-)((^^'a)+(^/3t^)-)e''""^ 

30 {{H^,)+{D^U).){{DpU)^{DxU)^{D>^U)^)e^'''^P 

31 ((ff^.)+{(ZjA^)-(^«^)- + {DaU)ADxU)-}){{D^U)-{D(3U)-)ei'^''^ 



32 {{D^x)+{D,H^p)+)e^-''l' 

33 ((I)^x)+{(G.a)+(l?/3C/)- - (D/3C/)-(G,,)+})e'''^«/^ 

34 {{D^x)-{{HMDpU)^ + {DpU)^{HM)e^^--P 
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_u_ 

# 


continuation 


ib 


{{Di,Gua)+{{x)+{DpU)- - {DpU)-{x)+}}e^"'"'^ 


ib 


1 f Ti TJ \ ( / \ / 7^ TT\ 1 / 7^ rr\ / \ 1\ llvolB 

{{Di^H^a)+{{x)-i.DpU)- + (L>^C/)_(x)-|)€^''"'' 


it 


i {{D^G\^)+{{G^a)+{Df3U)- + {Di3U)-{Gua)+\)e^ 


o o 
05 


I {{D^Gf,y)+{{Gxa)+[D0U)- + [DfiU)-{Gxa)+y)<^ ' 


39 


• 1 ( T\ \ r//^ \ {T\\jj\ 1 (T\\jj\ ( \ 1\ UVOlQ 


40 


■ 1 ( T\ \ r//^A \ ( T\ TT\ 1 TT\ ( \ i\ uvolQ 

I {XD^,Gxv)A\G a)+{D(sU)- + {DpU)-[G "'^ 


/1 1 
41 




/I o 

4z 


A 1 ( T\ \ ^ ( \ ( t\\tj\ I /'7~iA^^^ (r^ \ w^iwolQ 




I {{D''Hx^i)+{{Hi,a)+{DpU)- + {DpU)-{Hi,a)+\)e>'''"^'=' 


44 


• U r\\ TJ \ ^ f TJ \ / TT\ 1 / 7^ TT\ ( TJ \ 1\ IIVOlB 

I {{D-'Hf,^)+{{Hxa)+{DfsU)- + {Di3U)-{Hxa)+})e^'^"^ 


A C 

45 


• 1 f r\ TJ \ ^ ( TJ \ / r\XTT\ 1 f t\\tt\ / tj \ ^\ ai/aS 

I {{DxHfj^)+{{Ha/3)+{D'^U)- + {D^U)-[Ha0)+\)('^ 


4o 


' 1 ( ~r\ I I \ r / TLtA \ ^ TT\ 1 / 1 "I TT\ ( ~Lj\ \ ~1 \ ^UVOlQ 

I {[Du,Hxy)+{{H a)+[DpU)_ + {DpU)_{H a)+|)e^ 


47 


■ U TJ \ f / TT \ ^ r^XTT\ 1 /'T~iArr\ / rr \ l\ ixvotQ 

I {{Di^Hxi.)+{{Hc,p)+{D^U)- + {D-^U)-{Ha/3)+})ef' '^p 


48 


• U Ti TJ \ f / TT \ / t\Xtt\ I / 7~»Arr\ / rr \ 1\ uuad 

I {{Di^H^a)+{{Hxi3)+[D U)- + {D U)-{Hxi3)+\)e^ 


49 




5U 


I {{D^DnU)-{[Gx,y) + [Gaf3)+ + [Gai3) + [Gxu) + })e'^ P 


51 


' 1 ( T\ T\XjJ\ (TJ \ ( TJ \ \ UVOlQ 

I {{DxD-^U)-[Hij,^)+{Hap)+)e'^'"^P 


5z 


■ / /' r^X TT\ r/rr \ /rr \ i/rr \ / tt \ 1\ ixvaQ 

I {{D'^Df,U)-{{Hxu)+{Hag)+ + {Hai3)+{Hx^)+})e'^'"^P 


53 


l( \ r//^ \ / 7^ 7"r\ / 7^ JJ\ ( T\ TT\ / TT\ //^ \ 1\ UVOid 

{{x)-{{Gf,„)+[D,JJ)^{DfjU)- - {D0U)-{DaU)-{G^,y)+}}e'"'°"^ 


54 


//A ( / TT \ / r\ TT\ / T^ TT\ i / 7^ TT\ / TT\ / TT \ 1\ UVOlQ 


55 


■ 1 ( \ r/HrA \ / 7^ TJ\ ( T^ TT\ / TT\ / TT^ f TtX \ 1\ UVOlB 

i {{Gx,j.)+{{H^u)+{DaU)-{D(jU)- - (L>^C/)_(L>af^)-(ii !/)+})e^ 


5d 


• / / \ ( / TT \ / r^XTT\ / 7^ TT\ / TT\ /T^XtT\ f TT \ 1\ UVOl.3 

i {[Gxfj.)+{{Hua)+{D U)-[Df^U)- - {DpU)-{D^U)-[H^a)+i)^'^ 


57 


« \{Gxii)+{{H^a)+{Di3U)-{D'^U)- - {D'^U)-{DpU)-{H^a)+})e'^ 


58 


■ / / /~i \ r / TT \ ^ T~\XtT\ f T\ TT\ / T~\ TT\ /T~\XtT\ f TT \ 1\ UUCxQ 


59 


■ / / /~i A { { TT \ / T~\ TT\ t^Xtt\ ^t^Xtt\ f r\ TT\ f TT \ 1\ aua.3 

t {{Gf,^)+{{Hxa)+{DpU)-{D-'U)^ - {D-'U)-{DpU)-{Hxa)+})e^"'°"' 


oU 


■ / / /~i \ t / TT \ / 7^ TT\ T^XtT\ ^T^XtT\ f TT\ / TT \ 1\ UUCtd 

i {{Gi^i,)+{{Hai3)+{DxU)-{D-^U)^ - {D-^U)-{DxU)-{Hai3)+})e^"'°''^ 


bl 




bz 


• //y^ \ r/r^XTT^ ( TT \ / 7^ 7"7'\ / 7^ 7"7'\ f TT \ fT^XTT\ ^\ UUaB 

I {{Gxi,)+{{D-^U)-{H^a)+{DpU)- - {DpU)-{H^a)+{D 'J)_}}ef"'"'' 


DO 


A 1 ( \ { T\ TJ\ ( ZtX \ / 7~i 7"7"^ \ ^Ul^Oi3 


A 

d4 


///^ \ f/r^XTT\ ( TT \ / 7~» TT\ ( T\ TT\ f TT \ f 1^XtT\ ^\^Lll^OC0 

* {{Gnu)+{{D U)-{Hxa)+{.DfsU)- - [DpU)-[Hxa)+[.D C/)-|)e'* ^ 


b5 




bo 




b / 


\{x)-){{G^,y)+{DaU)-{DpU)-)e^' ^ 


b8 




b9 


i ((x)+{(G'„^)+(i?a/3)+ - {H^B)+{Gu,u)+})e^"''^l^ 


70 


i {{x)-{G^.u)+{G^p)+)e^^'"'^ 


71 


i {{x)-{H^,)+{H^p)+)e^'^-^ 


72 


{iG^,)+{iGxa)+{H^p)+ + (if"^)+(GAa)+})e^^"^ 


73 


i {{x)-){{GMGap)+)e>''"'^ 


74 


i iixUHHMHapWe^'"''' 



TABLE II. List of 74 anomalous SU{Nf) structures of order 0{p^) we start with. Besides 



the hierarchy argument discussed in the text (the four different categories are separated by simple 
lines) our ordering scheme is supposed to respect the rule: single traces > multiple traces. 
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# 



Initial Structures 



dxvl'J{{D^U).{D^U).{DpU). 
v['l{{D>^D,U),{D^U).{D^U)^ 



{{DxD^U)-{DaU)-{DgU)-)e 



7' 
8' 
9' 
10' 
11' 
12' 
13' 
14' 
15' 
16' 
17' 
18' 
19' 
20' 
21' 
22' 
23' 
24' 
25' 



idxv\!}{{G^p)+{D^U). 
{{G\)+{DpUy 

i d^vii{{Gxp)+{D^U). 



zvi'^iiD^G, 



iv^^lUD^GMDpU)^ 
ivl:J{{DxG^0y 



iv^l{{D,G\, 
iv\!}{{D^Gxp). 
{(DuGap). 



I V 



I V, 



I V 



(s) 
Xri 

is) 
\u 

is)/ 



{iG^p)+iDxD^U). 
{(G^MD^DpU). 



I V 



is) 
Au 
Ss) 



t vi,>{{Gxa)+{D^DpUU 



p,val3 



is) 



{{x)-{DaU).iDpU)^] 



26' 
27' 
28' 
29' 
30' 



V 



is) 
Xu 



i vlJ{{x)^iGaf3) + 

iix)- 



vl'}{{Gxa), 
■ is) is) 



TABLE III. List of 30 additional anomalous p structures due to the extension of the chiral 
group. 
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# 


bU [I\ f ) 


bU (O) 


bU [Z) 


n 
O 


by 


* {{x)+{[(^iiv)+[tlap)+ - Te\])e^' p 


X 


X 


o 



7U 


A 1 ( \ ( \ ( \ \ ^ulvolQ 


X 


X 


n 

y 


M 


A it^,\ \ 1 ( \ 1 \ \,-u,vaB 


X 






o r 




X 




1 


54 


1/ \ [ ( TJ \ / n TT\ / n TT\ 1 1\ uuaQ 

{{x)+{{Hf,v)+{DaU)-[DpU)-+mw])e^' ^ 


X 


X 


o 

z 


DO 


{{X)+{Df,U)_){{D^U)_{Haf3)+)e^' ^ 


X 




5 


5o 


{[X)-{{(^fiiy)+[^aU)-[Df3U)^ - revDe'^''"'" 


X 




D 


bl 


{{X)-{D^J.U)-{Gua)+{D(3U)-)e^' ^ 


X 


X 


7 


d7 


{{x)-){{'^tiu)+{DaU)-[DpU)-)e'' P 


X 






14 


1 ( \ r/ 7~^A / "i TT\S ( T\ TT\ ( T\ JJ\ -^^-^vl \ ^UVOlQ 

{{(^fiu)+{[^^aU )t[Vi3U )-{L>xU )- - rev|)e'^'^"'^ 


X 




1 A 

14 


1 OS 


/ / \ i f 7~1 TT\S { T^XtT\ f TT\ i^^-rrlV ^UVOiQ 


X 




10 


71 


i {{x)-{H^^)+{Hc,p)+)e>""^f' 


X 


X 


1 1 

il 


'7/1 

74 


^ {{X)-){{H^,u)+{Haf^)+)e^' P 


X 




on 


4d 


■ j ( T\\ TT \ { / TT \ { TT\ i \ ^Ul'CxS 


X 




zi 


bo 




X 




oo 
zz 


( 


lie \ S f ZJ \ / n TT\ {Tl^TT\ Tt^irW ^tJ-^f^P 

^ \y^\n)+\\^va)+{Ul3'J U)- — rev|;e^ 


X 




zo 


fin 
DU 


/fr^ \ s ( ZJ \ /' n zj\ (r^^TT\ Y-r^irWct^-^'^P 


X 




0/1 
Z4 


Do 


1 ( \ / n zi\ ( zj^ \ tt\ Xci^^f^P 


X 




4 


4 




X 




12 


2^ 


i {{DxDf,Uy_{{D^U)-{D,U)-{DaU)^{Df,U)^+Tev})e^'''''' 


X 




15 


27 








16 


26 


{{H^,)+{{DxU).{D>^U).{D^U)-{DpU)- + rev})e'^'^-^ 


X 




17 


31 


{{H^M{D),U).{D^U). + iew]){{D^U)-{DpU)-)e^'''^f 


X 




18 


30 




X 





TABLE IV. The final SU{Nf) set. The remaining structures and their associated low-energy 



constants (LECs) have been relabelled: terms with a (x)± block from Lj^'*^ to Lj^^^*" and those without 
from to L24. Afterwards they have been classified according to their leading-order expansion 
in terms of Goldstone boson and electromagnetic fields, see Table 0. The abbreviation "rev" stands 
for the reverse order. Trace relations lead to the corresponding SU{3) and SU{2) sets, which are 
indicated by a x in the respective columns. Recall that under the traces the new (• • blocks are 
equivalent to the old [• • ■]± up to a factor 2. 
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reaction type 


LECs 


(j) + 2-f* 


3,8,9,19 


30 + 7* 


1,2,5,6,7,13,14 


3(A + 27* 


10,11,20,21,22,23,24 


50 


4,12 


50 + 7* 


15,16,17, 18 



TABLE V. Classification of LECs according to their leading-order contribution allowing at 
most electromagnetic external fields; the photons may be either virtual or real. This classification 
defines the ordering scheme in Table 





# 


additional structures 


2' 


26' 




3' 


30' 




5' 


13' 




6' 


7' 




1' 


25' 




4' 


1' 




7' 


22' 




8' 


29' 





TABLE VI. Final set of additional structures valid for arbitrary Nj. 
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LECs 




t6,€ 
^2 


t6,€ 
^3 


t6,€ 


T6,e 
^5 


T6,e 
^6 


Lr 


T6,e 
^8 


Ref. i 


16^15 


-16^16 


-8^5 


16^28 


I6A12 


-I6A13 


16A14 


8A4 


LECs 




^10 


tB,^ 
^11 


^12 


^13 




^15 


^16 


Ref. i 




8^25 


8^26 


32^27 


16^8 


16^7 


-32^30 


-32^29 


LECs 




^18 


^19 


^20 


rH.e 
^21 


^22 


^23 


^24 


Ref. d 


32^32 


32^31 


n.d.c. 


n.d.c. 


I6A20 


-I6A22 


I6A19 


I6A21 



TABLE VIL Numerical correspondence between the SU{Nf) low-energy constants (LECs) 
defined in Table IV and those of our former set. Observe that "n.d.c" stands for "no direct 
correspondence . " 
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APPENDIX A: RELATIONS INDUCED BY PARTIAL INTEGRATION 



(1) - (2) + (3 



(5) + (12) + 
(6) + (11) + (14) + 
(7) + (13) + 

(8) - 

(9) + 
(10) + (13) + 

(18) + (21) + (22) + 1(26) + i 
(20) - 1(24) -1 
(22) + 1 
(19) + (23)- 1(26) 
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(21) 



(23) 

1 

8 



(28) 



(29) + - 
(32) + i(36) + l 

(32) - \ 

(37) + (38) - 
(39) + 

(41) + (42) + 

(43) + (44) - 
(45) + 

(47) + (48) + 

(65) + (66) - \ 



16 
17 
15 
12 
16 
17 

27 

25 
26 
27 
26 
31 
30 
54 

34 

50 
49 
50 
52 
51 
52 

68 



(l') + 3(4' 
(2') + (5') - (6' 
(7') + (14') + (20' 
(8') + (13') + (21' 
(9') + (15') + (19' 
(10') - (16' 



0, 
0, 
0, 
0, 
0, 
0, 
0, 

0, 
0, 
0, 
0, 
0, 
0, 
0, 
0, 

0, 

0, 
0, 
0, 
0, 
0, 
0, 

0; 

0, 
0, 
0, 
0, 
0, 
0. 



(Al) 



(A2) 



Note that some of these relations neglect contributions from lower levels in the hierarchy. 
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APPENDIX B: RELATIONS INDUCED BY EOM 

(1) = (4), 
(11) = (53) -^(67), 

(15) = -(61) - ^(67), 
(21) = (36)-A(66), 
(49) = (70) -i- (73), 
(51) = (71) -^(74); 

(5') = (25'), 
(19') = (26'). 



APPENDIX C: EPSILON RELATIONS 



(11) + 2(12) -(13) + (14) = 0, 
(15) -2(16)- (17) = 0, 
(24) - (25) = 0, 
2(24) + (26) - (27) = 0, 
(38) - 2(40) + (42) = 0, 
(44) - 2(46) + (48) = 0, 
(49) - 2(50) = 0, 
(51) - 2(52) = 0, 
2(55) + (56) - (57) = 0, 
2(55) - (58) + (59) = 0, 
2(56) + 2(58) + (60) = 0, 
(62) - 2(63) = 0, 
(62) + (64) = 0, 
(72) = 0; 

2(1') + 3(2') = 0, 
(1') + 3(3') = 0, 
2(7') + 2(8') + (9') = 0, 
2(13') + 2(14') + (15') =0, 
(13') + 2(16') + (17') = 0, 
(14') - 2(16') - (18') = 0, 
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2(22') + (23') = 0, 
2(22') - (24') = 0, 
(27') - (29') = 0, 
(28') + (29') = 0. 



APPENDIX D: RELATIONS INDUCED BY BIANCHI IDENTITIES 





(10)- 


4(26) 


= 0, 




(32)- 


1 

4(33) 


= 0, 




(35) + 


-(54) 


= 0, 


(36) - 


4(53) + 


2(61) 


= u, 


(42) + 




i(62) 


= 0, 


(48)- 




i(64) 


= 0, 




(66) - 


^(67) 


= 0; 




(8')- 


2(10') 


= 0, 




(90- 


2(11') 


= 0, 






(12') 


= 0, 




(18') + 


i(23') 


= 0. 



APPENDIX E: TRACE RELATIONS 

su{2y. 



(2) 


= 0, 


(4) 


= 0, 


(12) 


= 0, 


(13) 


= 0, 


(24) 


= 0, 


(26) 


= 0, 


(30) 


= 0, 


(31) 


= 0, 


(37) 


= 0, 


(43) 


= 0, 
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(53) + 2(61) = 0, 
(53) - (67) = 0, 

(54) + 2(68) = 0, 

(58) = 0, 

(59) = 0, 

(60) = 0, 
(63) = 0, 

2(70) - (73) = 0, 
2(71) - (74) = 0; 



(El) 



SU{3): 



(26) + (27) + 2(30) + (31) = 0. 



(E2) 
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